Inspired by the AdS/CFT correspondence, we study the pseudoscalar mesons of QCD through a dual embedding in a strongly curved extra dimensional spacetime. This model incorporates the consequences of symmetry and has very few free parameters, due to constraints from fivedimensions and the operator product expansion of QCD. Using as inputs f π and the pion, kaon, and rho masses, we compute the eta and eta prime masses to be 520 and 867 MeV, respectively. Their decay rates into photons are also computed and found to be in good agreement with data.
INTRODUCTION
While QCD has been unequivocally established as the theory of strong interactions, the resolution of one of its mysteries, the U(1) problem, has remained somewhat unsatisfying. The U(1) problem is that the Lagrangian of QCD
has, in the massless limit, a global chiral U(1) A symmetry, under which q i → e iθγ 5 q i , which does not seem to be reflected in the spectrum of light pseudoscalar mesons. The formation of quark condensates q i q j ≈ Λ 3 QCD δ ij spontaneously beaks the U(3) L × U(3) R symmetry of massless QCD down to a diagonal U(3) V , which should result in nine pseudoscalar pseudogoldstone bosons. The problem is that, with masses included, chiral perturbation theory unambiguously predicts a neutral pseudoscalar meson whose mass is strictly less than √ 3m π [1] . However, the true hadron spectrum contains only the regular π 0 (140), the η (549), and the η ′ (957), so the chiral perturbation theory bound is clearly violated. Actually, the U(1) problem is little more subtle; the U(1) A is anomalous, i.e. broken by quantum effects. Mathematically, while the QCD Lagrangian is invariant (except for the mass terms), the functional measure in the path integral is not, and so a chiral rotation results in
whereG µν ≡ 1 2 ǫ µναβ G αβ . The simplest solution of the U(1) problem is then to say that the U(1) A symmetry is not really a symmetry at all, so there should be no corresponding pseudogoldstone boson [2, 3] . However, from the QCD side it is hard to see how the new term in (2) could make any difference. Because it is a total derivative, any Feynman diagram involving the anomaly carries a factor of zero for total momentum. Thus, the new term does not contribute at any order in perturbation theory, and therefore the solution must be non-perturbative.
If we accept that U(1) A is not a symmetry, the pseudoscalar sector can be modeled in the chiral Lagrangian [2, 4, 5] . In full generality, the chiral Lagrangian has five free parameters, corresponding to a scale for the U(1) breaking, and four decay constants characterizing the interaction strength between the η and η ′ mesons and the J
µ and J (8) µ currents [4, 5] . The number of parameters can be reduced, for example by going to the large N c limit, but a few parameters at least remain. In particular, none of the assumptions allow a first-principles calculation of the η ′ mass. The first convincing resolution of the U(1) problem was given by 't Hooft [6] , who argued topological instanton configurations of the QCD vector potential can contribute to the path integral through the anomaly. The instanton contributions are suppressed by factors of exp(−1/g 2 s ), which can be significant only for large g s , i.e. when QCD enters the nonperturbative regime. However, instanton calculations generically have infrared divergences, due to integrals over large instanton size, so it is impossible to use them for precise quantitative calculations. Nevertheless, they seem to be the correct qualitative solution. And, for example, using QCD sum rules [7] , they can be used to get a ballpark estimate of the η ′ mass (∼ 1 GeV).
Other non-perturbative insights into the U(1) problem have come from the lattice [8, 9] . Because the η ′ is critically sensitive to both quark loops and non-local field configurations, it has been a challenge to simulate. Nevertheless, the lattice has been remarkably successful in this case, and a recent estimate [8] puts the η ′ at 871 ± 46 MeV, which is within 10% of the experimental value. This is absolute confirmation that QCD itself solves the U(1) problem. But it is hard to get any qualitative understanding from such a purely numerical approach.
In this paper, we propose that the pseudoscalar mesons can be studied both qualitatively and quantitatively with a non-perturbative framework based on the AdS/CFT correspondence [10] . This framework has already produced an impressive post-diction of the meson spectrum, decay constants, and couplings [11, 12, 13] . It has also led to some new insights into observations about QCD, such as vector meson dominance [12] , and the structure of tensor mesons [13] . Thus, it is natural to ask whether it can say anything about the U(1) mystery of QCD.
The approach to AdS/QCD we take in this paper is completely bottom up. Although the AdS/CFT correspondence began strictly as a duality between a four-dimensional conformal gauge theory and a 10-dimensional string theory, it is difficult to make any quantitative predictions about QCD from the string side. Early work, studying for example, the glueball spectrum of a large-N theory [14] , had some success when compared to lattice results; but to study real world QCD, with three flavors and massive quarks, we would need much more information about the string dual of QCD than is currently known (see, for example [15] ). Instead, we assume that whatever the string theory is, it must contain bulk modes dual to the various local operators of QCD. To reproduce the conformal behavior of the asymptotically free regime of QCD, these modes will propagate on a background close to Anti-deSitter space. It turns out this is enough information to reproduce a number of non-trivial quantitative predictions about QCD at low energy.
SETUP
The setup is a five-dimensional space, with background metric
In pure AdS the warp factor is w(z) = 1, but we will allow for background corrections due to deviations from conformality. The extra dimension can be thought of as energy, with small z representing high energy. Thus we model the IR, where QCD is strong, by boundary conditions at a point z m ∼ 1/Λ QCD . We also impose boundary conditions at z = 0, high energy, where QCD approaches a trivial conformal fixed point. Thus the gravity background is modeling energies between Λ QCD and infinity. For this 5-D description to be equivalent to QCD, it should reproduce QCD correlation functions of external currents. These appear as probes in the UV. For each QCD operator which couples the vacuum to these currents, there must be a corresponding field in 5D which also couples to the current. More generally, for each operator in QCD, there should be a 5D field. In our case, the currents of interest are J b µR and J b µL , the right-and left-handed U(3) currents. The corresponding fields are bulk gauge fields A L and A R . The operatorq i q j which spontaneously breaks U(3) × U(3) → U(3) V is represented by bifundamental bulk scalars X ij . The fields X ij have interactions and a potential. However, this potential is neither calculable nor relevant to low energy, so we simply parameterize this potential and fit to data.
To study the U(1) problem, we now introduce a new complex field Y to represent the square of the gluon field strength: Y ∼ G 2 µν . We can think of the phase of Y as dual to GG. We emphasize that identifying Y is not important for the low energy physics, we only use it to manifest a linear representation of the symmetries. Thus our 5D Lagrangian, including all terms allowed by symmetry, is
That X gets a 5D mass but Y does not follows form the AdS/CFT map between masses and dimensions of operators. With these masses, the solutions to the equations of motion for X and Y in pure AdS 5 are
These must correspond to the vacuum expectation values,
QCD and to the sources M q and g s . Thus the z-dependence of a field is seen to match the scaling dimension of the corresponding operator. In the 3-flavor case, for simplicity, we will assume that σ ij = σδ ij (i.e., ss = d d = ūu ) and use only two massesm = To study this theory, we will explore the pseudoscalar excitations around the X and Y backgrounds.
There are of course scalar excitations as well, but these are harder to study as they are sensitive to details of the X and Y effective potentials. For the left and right U(3) gauge fields, we will only need the axial combination A = A R − A L . The longitudinal modes of A µ mix with the pions, so it is helpful to include them explicitly with the replacement
The 0 on η 0 refers to the τ 0 = 1 √ 6 diag(1, 1, 1) generator of U (3), and an 8 superscript will refer to the
, s basis. Note that we have absorbed a constant into the definition of C, and absorbed factors of C into the definition of κ. We have also dropped Ξ ∼ G 2 µν , as it is will be a subleading power correction in everything that follows. Regardless of these conventions, it is simplest to regard Eq. (9), instead of Eq. (4), as the starting point for phenomenological analysis.
In 4D the U(1) A symmetry is anomalous; it is broken by quantum effects. But quantum effects in 4D correspond to classical effects in 5D, so the symmetry should be explicitly broken in 5D. In unitary gauge, this is true. But in the form (9), we have restored the symmetry with our "axion" Goldstone boson a. In fact the whole U(3) A is gauged, so there is a local symmetry under which
We can use this to set A b 5 = 0, however it is helpful to retain these modes to simplify the calculations.
Because of the gauge symmetry, the fields ϕ, η and a are not strictly independent, but they do have different physical meanings as can be seen by introducing external sources (and notation). We define
The U(1) A current is normalized as
after introducing ϕ and integrating by parts. So the source for ϕ is J
Finally η b and a by definition correspond to specific 4D fields, so we have
Note that we use constants g η and g a to normalize J η and J a , while the normalization of J µ is set by the interaction strength g 5 in the Lagrangian. These currents help us identify our pseudoscalar fields. We see that although ϕ, η and a all mix they still have physical meanings: for a particular mode, a is the "glueball" component and η and ϕ are the "quark" components of the corresponding mesonic wavefunction, with ϕ related to the longitudinal mode of the axial vector field.
A. Matching to QCD
We will now calculate the parameters in our model by matching to the QCD operator product expansion (OPE). Let us start immediately with the case of interest, 3-flavors, massive quarks, and a physical η ′ . We will need to make use of the anomaly equation
The anomaly shows up in the OPE [16, 17] 
As explained in detail elsewhere [11, 13] , correlations functions are calculated in 5D by solving the equations of motion in the presence of a source. For example, this lets us deduce that g 5 = 2π in the case of interest, N C = 3. For the ϕ 0 correlator, which is relevant for the anomaly, we can write
Here, ϕ 0 (z) is a bulk-to-boundary propagator, that is, a solution to the equations of motion with ϕ 0 (0) = 1. For this calculation, chiral symmetry breaking is irrelevant to leading order and so we can set v = 0. The ϕ 0 and A 0 5 equations of motion then become
These are solved perturbatively near z = 0 by
Matching (16) to (15) 
Note that for this matching we have assumed that α s is constant in the UV. Of course, α s runs with scale, and it is therefore reasonable to assume that α s would be a function of z as the 1-loop QCD β function. Hence, we should take
where
m . The fact that α s varies slowly in the UV, and that ∂ z α s ∼ α 2 s , makes the above matching correct to leading order in α s .
Instead of sourcing ϕ 0 with ∂ µ J 0 µ = 0, we can also consider pure gluodynamics and source a by turning on GG. This will fix the normalization of J a . The QCD correlation function of interest is [7] 
which should match
For a solution with a(0) = 1. Solving the equations of motion perturbatively
lets us deduce that
We will use this later on to compute the topological susceptibility χ t (0). Next, we would also like to consider modifications to the background due to deviations from conformality, in particular the effect of the strange quark mass. Consider the transverse part of the axial vector OPE
The log Q 2 term on the right hand side is determined by conformal invariance and is used to fit g 5 . The second term is the power correction in which we are interested now. By dimensional analysis, this should modify the warp factor to
This warp factor modifies the axial-vector equation of motion to
We can solve this perturbatively in c 4 ∼ m q σ. For m q = σ = 0, the solution is A 0 (z) = QzK 1 (Qz). Then, using the AdS Green's function K ′ (z, z ′ ) [18] , the perturbative inhomogeneous solution can be written as
Thus AdS gives
Comparing to (28), we deduce g 5 = 2π and
The last equality follows from the Gell-mann-Oaks-Renner relation [11] .
B. Fitting to data
Having determined g 5 , C, g a and c 4 from matching to the OPE, our Lagrangian is complete. The remaining unknowns must be fit to data. We use This gives c 4 = −0.676 for strange and c 4 = −0.037 for up/down. Thus we are justified in only turning on c 4 for the strange quark. Keep in mind that although these"quark masses" may seem small, care must be taken when comparing them to masses deduced from another scheme.
There is one more parameter in our Lagrangian that remains, κ. The κ term corresponds to an entirely non-perturbative effect. However, it multiples a function which grows like z 3N f −5 , so we expect it to act effectively like a boundary condition forcing a(z m ) = η 0 (z m ). Thus, we leave κ as a free parameter and show that for the η ′ the results are fairly independent of κ for large κ.
THE η ′
Having fit all the parameters in our Lagrangian (using only m ρ , f π , m π and m K ), we can now look at what masses are predicted. For the neutral pseudoscalar spectrum, there is a competition between the quark masses, which force the η and η ′ into the q and s bases, and the anomaly and κ terms, which push towards the η 0 and η 8 basis. 
The equations are
with v q = m q z + σz 3 , v s = m s z + σz 3 and C given in equation (22) . All the modes have Dirichlet conditions in the UV and Neumann in the IR. To canonically normalize the fields, we demand
The resulting masses are shown as a function of κ on the left side of Figure 1 . These curves are convergent, and the asymptotic values for large κ, as compared to the experimental central values (in MeV) are
So we are off by 5% and 9% respectively. We can also turn off the anomaly by lowering Λ QCD , as shown on the right in Figure 1 . It is worth emphasizing that taking κ → ∞ does not send m η ′ → ∞. In the chiral Lagrangian, there is a parameter like κ which should be proportional to the anomaly [2] , and provides a mass term for the U(1) pseudoscalar. In that case, taking κ → ∞ does decouple the η ′ , and the correct η ′ mass can only be reproduced by tuning κ against the other chiral symmetry breaking terms in the Lagrangian. In AdS, we could have simply taken κ = ∞ to begin with, which would be a simpler model with κ is replaced by a boundary condition. However, we choose to allow κ to vary because it gives us an additional handle on the U(1) sector.
Next, we calculate the decay constants. There is not a single f η and f η ′ . Instead, there is a decay constant for each into the J 0 and J 8 currents.
These can be calculated from the wavefunctions directly, using relations similar to those in [11] . For example, we solve the above differential equations with m = m η , then evaluate
So qualitatively, the η ′ is more η 0 and the η more η 8 , as expected. These values can be compared to decay constants extracted within chiral perturbation theory [19] . It is, however, misleading to represent this mixing in terms of angles because the |η 0 and |η 8 components of the mass eigenstates |η and |η ′ depend on z. This can be seen from Figure 2 , which shows the profiles of the AdS wavefunctions of η and η ′ . These decay constants are not directly observable. What is observable are the neutral pseudoscalar decays P → γγ, which are mediated by the axial anomaly. Amusingly, the form of this anomalous interaction in five dimensions was derived long go by Wess, Zumino and Witten (WZW) [20, 21] . The bulk Chern-Simons (CS) term relevant for the decay to photons is
where Q is the generator of electric charge. Here, V AB are components of the field strength for the vector gauge field, V M (z), from which we want to extract the constant photon zero mode by setting V µ (z) = 1 (this normalization is consistent with (11), see [13] for more details about the photon). In addition to this bulk term, there is a WZW term on the IR boundary at z = z m
which absorbs the anomaly. For constant V µ , with A 5 = 0 as usual, the CS term is a total derivative, and therefore only the boundary WZW term contributes. Explicitly, the amplitude is
which leads to (as compared to the experimental values extracted from the observed decay rates), in units of TeV 
These are the asymptotic values at large κ. The variation of the decay constants with κ and Λ QCD is shown in Figure 3 . We can also find the value of κ which provides the best fit to the experimental values of m η , m η ′ , A ηγγ and A η ′ γγ . This is given by κ = 26.1 with m η = 466 MeV, m η ′ = 792 MeV, A ηγγ = 30.2 TeV −1 and A η ′ γγ = 37.3 TeV −1 . The RMS error is 18%. 
TOPOLOGICAL SUSCEPTIBILITY, INSTANTONS, ANDθ
Now, let us turn to the topological susceptibility, χ t . The standard argument is that if there are massless quarks in the theory, then θ is unphysical, and thus χ t must vanish. However, if all quarks are massive, or there are no quarks at all, then we expect χ t to be nonzero. These facts lead the Witten-Veneziano relation [22, 23] for the η ′ mass at large N C
This relation, which gives χ t = (171 MeV) 4 , is only approximate. It assumes all the decay constants are equal, that the mesons have no glueball component, and that N C is large. Nevertheless, lattice seems to confirm these approximations [9] by producing χ t = (191MeV) 4 . With our 5D construction, we can calculate the topological susceptibility, the meson masses, and the decay constants directly, and furthermore we can verify that χ t vanishes only with massless quarks, from which the Witten-Veneziano relation follows.
Recall that
for a solution with a(0) = 1. First, consider the case of pure gluodynamics. Then there are no η or A 5 fields, and the equation of motion at zero momentum is simply
In the absence of a κ term, it is simplest to just impose a(z m ) = 0 directly. Then the solution is a(z) = 1 − ( z zm
(g 2 a /C 2 )χ t z 4 from (60). Now suppose there are quarks. In the limit that the anomaly is weak (for example at large N C ), we can do a perturbation expansion in C. To leading order in C, the η − ϕ system decouples from the a mode. Then from (50) we get ϕ(z) = 1 + and using (21) and (26), gives
which matches Witten-Veneziano.
To see that χ t vanishes with massless quarks, we no longer assume that C is small. Then the η and A 5 equations of motion (at Q = 0) are
If m q = 0 then the only solution for η satisfying η(0) = 0 is η(z) = 0. Then a(z) must be constant and the topological susceptibility vanishes. However, as long as m q = 0, there is a solution with η ∼ z 2 and a ∼ z 4 near z = 0. In this case χ t is nonzero. In fact, we can solve the equations exactly for constant C with η(z m ) = a(z m ) boundary conditions, giving
For C = 0 this reduces to the result from pure gluodynamics. If C = 0, then we can see directly that m q = 0 forces χ t to vanish, as expected. Note that we have not used the κ term at all to calculate the topological susceptibility; we have only used the fact that it leads to a(z m ) = 0 in pure gluodynamics, or a(z m ) = η(z m ) if quarks are included. The κ term is supposed to represent some non-perturbative effects which are normally associated with instantons, so it is natural to ask if we can make the connection more precise. In QCD the one instanton contribution to the topological susceptibility can be calculated explicitly [7, 24] 
Here, D(ρ) is the dilute-gas instanton density. For example, for N C = 3, D(ρ) = (Λ QCD ρ) 11 . The Bessel function K 2 appears as the Fourier transform of GG evaluated on a one-instanton solution. This expression is divergent due to large instantons, so one normally cuts off the integral at ρ = ρ c ∼ Λ −1 QCD . In QCD it is not meaningful to compare the contribution of this specific gauge configuration to any particular calculation on the AdS side. This is because the five-dimensional dual describes only gauge invariant quantities resulting from integration over all gauge configurations, and it is not clear in which sense this particular configuration dominates the integral. Nevertheless, in truly conformal theories, where the coupling constant is a marginal parameter, it makes sense to compare non-perturbative contributions to correlators (i.e. in powers of e −1/g 2 ) between the CFT and the five-dimensional theory. Of course, the axion would have a similar bulk description in such a case, the main difference being the z-dependence of the κ-like term in the dual to the CFT. We thus expect that the κ term contribution to some correlation function to have structures similar to those one gets from integration over instanton size, since the bulk integration over the z-variable, must ultimately reproduce the same correlation function in the CFT.
To see the similarity to the instanton calculation, let us look at the GG two-point function from the bulk perspective. We can solve for a perturbatively around the conformal limit. In the conformal approximation, there is no IR brane, and the axion bulk-to-boundary propagator (with a(0) = 1) is
Conformality is broken by the IR brane and by the κ term. With these effects, the equation of motion becomes
where κ(z) includes the non-conformal z-dependence of the κ term. Now, we can get a simple expression for the topological susceptibility by integrating the action by parts on the equations of motion
If conformal invariance is a good approximation, we can estimate the effect of conformal symmetry breaking by evaluating this expression on a (0) . We thus find
This has exactly the same form as the instanton contribution. Thus, the scale dependence of the κ term acts just like the instanton density and the IR brane provides a natural cutoff on the integral over instanton size. Finally, let us say a word about the QCD vacuum angle θ. This angle is intimately tied to the solution of the U(1) problem. The argument, roughly, is that the topological susceptibility must be nonzero to split the η ′ from the η and the π 0 . Since the topological susceptibility is the second variation of the effective action with respect to θ, there must be sensitivity to θ in QCD. Thus the strong CP problem, which is why the apparent value of θ is so tiny (θ < ∼ 10 −9 ), must be taken seriously. In AdS, there are three angles, appearing in the X and Y vevs, and in the κ term. We can write X = | X |e iθ 1 , Y = | Y |e iθ 2 and κ = |κ|e iθ 3 . Since θ 1 and θ 2 come from vevs, they can be functions of z (as in Eqs. (5,6) ), but θ 3 , like κ, should be a constant. In full generality, θ 1 can have flavor indices as well. This leads to
Now, the axial symmetries in AdS are local gauge symmetries, so we can rotate θ b 1 and θ 2 into η b and a respectively. This leaves θ 3 =θ as the physical vacuum angle. Although the combination a − η 0 couples directly toθ, it cannot be the physical axion which solves the strong CP problem. Even though a − η 0 =θ,θ cannot be eliminated since it is a and η which appear in the rest of the Lagrangian, not the orthogonal combination a+η 0 . However, there is hope that since AdS allows a quantitative study of confinement, a strong-dynamics based solution to the strong CP problem might be realizable.
SUMMARY AND CONCLUSIONS
We have studied the U(1) problem through and extra-dimensional model inspired by the AdS/CFT correspondence. This model is built from the bottom up, by fitting some parameters to perturbative QCD correlation functions and others to data. All of the parameters in the model can be determined by the experimental masses of the π 0 , K 0 and ρ mesons, and the pion decay constant f π . This is only one more experimental value than is needed to define QCD itself (in QCD, we have the quark masses m q and m s and the value of Λ QCD ).
In particular, no strong-dynamics based observable, such as the topological susceptibility, is needed to study the η ′ . Instead, we only need the coefficient of the anomaly which is perturbatively calculable and 1-loop finite. The non-perturbative effects are represented in our model with a κ term, on which we have shown the observables are only weakly dependent. Using this construction, we have calculated m η ′ = 867 MeV, which is 9% off from experiment. We have also calculated its decay constants, and its coupling to photons, as well as the analog quantities for the η. The best fit for κ matches the four observables to 18%.
In addition to being quantitatively precise, the extra-dimensional construction allows for additional qualitative insight into the U(1) problem and related issues. For example, we have shown how the vanishing of a quark masses would cause the topologically susceptibility to vanish, independent of any discussion of the theta angleθ of QCD. From this, the Witten-Veneziano relations follow. In QCD, it is difficult to study the contribution of nonperturbative effects, because one cannot turn off the anomaly except by taking N C → ∞. In the holographic model there are two additional parameters, κ and Λ QCD which can be separately dialed, giving us new handles on the anomaly. We also showed that the nonperturbative contribution to the topologically susceptibility, which can be represented with an instanton calculation, has a direct analog in AdS. The same Bessel functions appear in both cases, and the integral over instanton size is replaced by an integral over the extra dimension. Instead of having to invoke a separate cutoff to regulate the IR divergence, we naturally use the same IR cutoff we would have in a non-anomalous theory.
This solution to the U(1) problem demonstrates the versatility of the bottom-up AdS/QCD approach. It also emphasizes that AdS is not just a complicated way of phrasing the predictions of chiral perturbation theory -the η ′ mass is simply a free parameter in the chiral Lagrangian. Although our effective description is non-renormalizable, higherdimension operators are quantitatively irrelevant for the observables in question, as is expected from naive dimensional analysis. It is therefore likely that through further application of the AdS/QCD correspondence, additional quantitative and qualitative information about the non-perturbative structure of gauge theories can be derived.
